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Abstract 
Bjiirner, A. and C. Reutenauer, Rationality of the Mobius function of subword order, Theoretical 
Computer Science 98 (1992) 53-63. 
We prove the rationality of various noncommutative formal power series, whose coefficients are 
determined by the Mobius function or zeta function of the subword partial order of noncom- 
mutative monomials. We also give explicit expressions for the corresponding commutative generat- 
ing functions. 
0. Introduction 
Noncommutative rational formal series naturally arise from automata theory and 
language theory (see [l, 51). Less well-known is the rationality of series arising from 
combinatorics. We give here examples of such series. We show that the zeta function 
and the Mobius function of subword order, and their powers, when viewed as formal 
series of words, are rational. 
We give also explicit forms for the corresponding commutative generating series. 
The techniques used here allow us to give another proof of the combinatorial 
interpretation, given in [2], of the Mobius function. 
1. Miibius function of subword order 
Let A* denote the free monoid over an alphabet A. The elements of A* are called 
words. The length lcll of a word c( is the number of letters in CI. The empty word, of 
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length 0, is denoted by 1. A word /I is a subword of a word CI if CI = a,. .a, (SEA, n > 0), 
and if there exists an embedding of fi in 2, i.e. a sequence 
(1.1) 1<i,<i2<...<ik<n (k>O) 
such that /I = ai, . . . ah. We write /3 < c1 if /3 is a subword of a. This is a partial ordering of 
A*. The incidence algebra Y of this partial ordering is the set of all formal infinite 
linear combinations over Z 
D;X c(P, 4P 0 G 
-. 
where the coefficient c( fi, CX) of fi @ c( is in Z. The product in 9 is defined by 
(1.2) 
L 
D;Z c(P, 4P 0 c! )( 2 d(8.r)P01)=~~(e~~~d(~,~)c(~,~))~~~. 
/Jim ., 
The zetafunction of < is the element of 4 whose coefficients are all equal to one, i.e. 
[= c fi@r. 
B<m 
The Miibius function is defined to be the inverse of i in 9. Thus, 
P& P(B?a)B 0 % 
where the coefficients ,u(fi, CI) are, in view of (1.2), defined by 
(1.3) c P(Y>4=0 
[j<T<” 
for any words /3, LX, such that P-C X, and ~(cc, a)= 1. See [Z] for references to the 
literature on Mobius functions. 
The coefficients p(y, LX) have a combinatorial interpretation. For a word c( as above, 
call repetition set of a the set 
9(a)={il2 <i<n, LZi=Ui_, >. 
For example, %!(aaababb) = (2,3,7}. A normal embedding of the word b in CI is 
a sequence as (1.1) which contains the repetition set. The coefficient (i)” is defined to 
be the number of normal embedding of fl in 2. E.g. (‘aaa,b,ubb”)” = 2. 
Remarks. (1) We follow Eilenberg’s notation in ([3, VIII.101): he defines the binomial 
coejficient (z) as the number of embeddings of /I in a. 
(2) The definition of (i)” 1s as y mmetric only for the simplicity of the presentation. 
This number does not change if one replaces ai = ai_ 1 by ai = ai+ 1 in the definition 
of W(U). 
The following result characterizes the Mobius function of subword order. 
Theorem 1.1 (Bjiirner [2]). The following relation holds for any words tl, b: 
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We give an algebraic proof of this result in the next section, different from the proof 
in [2], which used lexicographic shellability. 
2. Noncommutative formal series 
Let Z(A)) denote the algebra over Z of noncommutative formal series in the 
variables (“letters”) in A. A series S is denoted by S=CwE~*(S, w)w; (SW) is the 
coefficient of the word w. We consider the algebra d of continuous linear endo- 
morphisms of Z((A)), where the continuity is meant with respect to the usual A-adic 
topology. Continuity means, in other words, that such a mapping f is completely 
described by a family of series (f( p))pEA * which satisfies the local finiteness condition: 
for any word CI, there are only a finite number of words /I such that the coefficient 
(f(P), U) is nonzero. In this case, the imagef(S) of a series S underfis well-defined by 
the formula 
f(S)=C (S>P)f(P). 
/J 
A special case of continuous endomorphism is the case:f( p) = p + linear combination 
of words longer than 8. Such an endomorphism always has an inverse. 
Lemma 2.1. There is a natural embedding of the incidence algebra 9 of subword order 
into &. This mapping is given by 
&c(AWBuM 
where f is dejined by 
f(P)=P;z c(B3r)a. 
The proof is immediate, using the definition (1.2) of the product in 9. 
Denote by z the mapping in & defined by 
(2.1) z(P)= 1 !X 
8<3L 
In other words, z is the image under the embedding of Lemma 2.1 of the zeta function. 
Denote by m the mapping defined by 
(2.2) m(B)=C ’ 
a P”c(’ 0 
Let L be the language (subset of A*) of words having empty repetition set. For any 
letter a, let L,= {UEL 1 a$aA*}, that is, the repetition-free words which do not begin 
with a. We identify a language with its characteristic series in Z(A)). 
Define further two continuous algebra endomorphisms rp and $ of Z ((A >> by 
q(a) = a(.4 -a)*, ICI (a) = aL,, 
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where, as usual, we use the notation 
S*= 1 S”=(l-S))’ 
fl>O 
for a series S without constant term. 
Lemma 2.2. The following relations hold for any word 8: 
z(B)=A*m)> W)=LW). 
Proof. Let fi=a,... a,,, aiEA. Then A*cp(P)=A*a,(A-al)*...a,(.4-a,)*. By inspec- 
tion, one sees that this series has only coefficients 0 or 1, and that a word a appears in 
this series if and only if /I is a subword of sl (use the final embedding of /I in a). Hence, it 
is equal to z( fi). Moreover, L$( /J) = La, L,, . .a, L,,. A similar inspection shows that 
the coefficient of cx in this series is (i),,. 0 
Let i be the involution of Z(A)) (an algebra endomorphism), which sends each 
word /I onto (- l)lfll/?. Let ti= i 0 m 0 i. Then, by (2.2): 
m(p)=C (- l)lal+lBl ; c( 
a 0 n 
Thus, by Lemma 2.1 in order to prove Theorem 1.1, we have only to show that Ci is the 
inverse of z, under composition in d. 
Proof of Theorem 1.1. In view of the above remarks, it is enough to show that 
tioz=id. 
Denoting $= i 0 $0 i and L= i(L), La = i(L,), we have 
WI)= i(-W 0 i(P)) 
=LlJ(jI). 
So we have to show that for any word /3, one has 
-- 
wv*dP))=P. 
This is equivalent, because 6 is an algebra endomorphism, to 
-- 
w(A)*$~cpm=P. 
-- 
Hence, it is enough to show that I+? is the inverse of cp and that L$(A)* = 1. Now, we 
clearly have 
L=l+ c bLb; 
beA 
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hence, for any letter a 
L,=l+ C bLb, 
bfa 
which implies 
L,=l- 1 bL,. 
b#a 
Thus, 
Note that 
$(b) = i 0 $0 i(b) 
=-io$(b) 
= -i(bLJ 
=bL,. 
Thus, we have for each letter UEA, 
* 
= $(a)$(A -a)* 
=$(a(A-a)*) 
=$ocp(a). 
As I+& cp are continuous algebra endomorphisms, we deduce that $0 cp=id. 
Finally, we have 
L=l+ C aL, * L=l-CaLa 
ClGA 
* L=l-$(A) 
-- 
* L$(A)* = 1, 
which completes the proof. 0 
3. Rationality 
Recall that a formal series in Z ((A >> is called rational if it may be obtained from 
polynomials (series with finite support) by applying algebraic operations and the star 
operation * (or equivalent1 y, inversion). Rational series on the monoid A* x A* are 
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defined similarly; see [l, 51 for details. We will use the notation CI @ /l for elements of 
the direct product A* x A*. It was asked by M.P. Schtitzenberger in 1984 (private 
communication to the first author) whether the series Cp(lj,cx)a are rational for all 
PEA*. This will now be verified. 
Theorem 3.1. The series 
are rational. Similarly, for any 
are rational. 
word p, the series 
This is a consequence of Lemmas 2.2, 3.2 and 3.3. 
Lemma 3.2. Let S be a rational series in ??((A)) and f3 a continuous algebra endo- 
morphism of Z((A)) such that for any letter a, e(a) is a rational series. Then the series 
SO(p) is rational,for any word /I. Moreover, the series Is p 0 Se(p) is rational. 
Proof. This is immediate for the first series, 6’ preserving multiplication. For the 
second, we have 
=(l @S~(~,aC9W) 
which is rational. 0 
Lemma 3.3. The series L and L, are rational for any letter a. 
Proof. These series satisfy the linear equations 
L=l+c bLb and LO-l+ c bLb; 
hEA h#a 
hence, they are rational by a general theorem (see [3, Prop. VII.6.31). 0 
Proof of Theorem 3.1. By Lemma 2.2 we have 
c a=A*cp(fl) and 1 a 
p<r 
a p ~=LIcI(B). 
0 n 
Hence, everything follows via Lemma 3.2, since all basic series involved are rational 
by Lemma 3.3. 0 
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Remarks. (1) The fact that the third series of the theorem is rational may also be 
deduced from the fact that the language {a 1 p subword of CC} is recognizable by a finite 
automaton. Automata for the series in Lemma 3.3 are also easily constructed, showing 
their rationality. 
(2) An automaton for the series x(j),/? 0 x IX can also fairly easily be constructed, 
see Fig. 1. 
(3) It is possible to obtain rational expressions for the series of Theorem 3.1, when 
an explicit alphabet is given. It suffices to apply the usual algorithms for solving linear 
equations (see the proof of Lemma 3.3) and to follow the proof of Lemma 3.2. 
(4) The fact that the series C(i)fl@ c1 and Ed (;)a, with the usual binomial 
coefficients, are rational, is folklore. The first one is equal to 
( alpl+40u *, 1 
while the second is 
for /j=Ul...&, Ui~A. 
(5) It is also well-known that (i) may be defined by the Magnus transformation, 
which is the continuous algebra endomorphism M sending each letter a onto 1 +a. 
Hence, for ~=ai...u, (UiEA) 
M(ul...a,)=(l +ul)...(l+u,)= 1 = /I. 
0 @A* b 
A similar expansion holds for 
Indeed, it is easily verified that for any letters a,b, 
wi(aub) = 
m’(au)b if b=u, 
m’(cm)(l+b) if b#u. 
a@ 
Fig. 1 
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For positive integers d, denote by cd the dth power of the zeta function in the incidence 
algebra of subword order, and similarly for pd, the dth power of the Mobius function. 
Note that id(fi,a) equals the number of chains p<pl <...</?d_ 1 <cc 
Theorem 3.4. For any d 2 1, the series 
are rational. Similarly, for any word p, the series 
are rational. 
It is possible to deduce this result from Theorem 3.1, using the methods of Jacob 
[4, Theorem 1, p. 2321; (see also [S, 111.11). However, we give an independent proof. 
Proof. The result will follow, as in the proof of Theorem 3.1, from Lemma 3.2, once it 
is shown that the mappings zd, md (which correspond to cd and ,u’ in the embedding of 
Lemma 2.1), are continuous linear mappings of the form 
for some continuous algebra endomorphism B of Z(A)) such that O(a) is rational for 
any letter a, and some rational series S in Z ((A >>. It is enough to show that mappings 
of this form are closed under composition. So, we compute ~‘0 C: 
=S’t?‘(SO(p)) (because cr’ is continuous and linear) 
= s’e’(s)(e’ 0 e)( fl). 
Note that 8’0 0 is a continuous algebra endomorphism. Moreover, such an 
endomorphism, if it maps each letter onto a rational series, preserves rationality. 
Hence, O’(S) is rational, and so is S’O’(S), which proves the claim. 0 
4. Generating functions 
We now turn to the commutative images of the power series under consideration, 
for which we obtain explicit rational expressions. Let the alphabet A have n elements. 
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Theorem 4.1. For d 2 1 and any word fi of length k, one has 
z~e;“cfi,a)tl.l=i ‘-@-lJt . . . 
1-nt l-(n+n-1)t 
. . . 
l:(z(z(~(~~)~))t(l-d(~-l)t)k~ 
and 
m;,rd(p,a)t14= 1-t l-(l-(n-l))t... 
l+(n-1)t 1+2(n-1)t 
Proof. Let p be the canonical projection Z((A >>+Z [ [t]] which sends each letter onto 
t. Define continuous algebra endomorphisms f; g of Z [ [t] ] by 
f(t)= t 
1 -(n- 1)t’ s(t)= t l+(n-1)t 
(which are, of course, inverses of each other). Moreover, define continuous linear 
endomorphisms u, u of Z [ [t]] by 
u(t”) = j$ f(tk), u(tk)= 1 +;;; l)t9(tkh 
We have for any letter a 
=p(a(A -a)*) =~ocp(a), 
hence, being algebra morphisms, fo p = p 0 cp. 
This implies that for any word fl of length k, 
uop(P)=u(tk)= & s (tk) 
=P(A*)fiP(B) 
=P(A*)PO cp(P) 
=P(A*cp(P))=Pom) 
(by Lemma 2.2); hence, u 0 p = p 0 z. This, in turn, implies by Lemma 2.1 that 
Ci”(P,cr)tl”l=pozd(p)=Ud.p(P)=Ud(tk). 
a 
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This last series is easily computed. We have 
j-d(t)= t 
1 -d(n- 1)t 
and we show by induction that 
l/(P) = Sf(S). .p- ‘(S)fd(tk), 
where S= l/(1 -nt). Indeed, this is true for d = 1. Suppose it is true for d. Then 
Ud+l(tk)=U(Ud(tk)) 
= Sf(u”(tk)) 
because u is continuous and linear. Thus, by the inductive hypothesis, 
Ud+l(tk)=Sf(S)...fd(S)fd+l(tk), 
which was to be shown. Now we deduce that 
fd-l(S)= 
1 
l-n 
t 
l-(d-l)(n-1)t 
1 -(d- l)(n- 1)t 
=1-(n+(d-l)(n-1))t’ 
This implies the first formula of the theorem. 
For the second formula, note first that p(L,)= l/(1 -(n- 1)t) and that 
This easily implies, as above, that g 0 p = p 0 1+6 and v 0 p = p 0 fi, with the notation of the 
proof of Theorem 1.1 (Section 2). Hence, 
C/P(P,z)t’“‘=LId(tk)= Tg(T)...gd_‘(T)gd(tk), 
a 
where T= (1 - t)/( 1 + (n - 1) t). Note that 
sd(t) =
t 
l+d(n-1)t 
because gd is the inverse offd. Then 
l- 
t 
gd-l(T)= 
1 +(d-l)(n-1)t 
1 +(n-1) 
t 
1 +(d- l)(n- 1)t 
= 1 -(l -(d- l)(n- 1))t 
1 +d(n-1)t ’ 
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This implies the second formula. 0 
Note that when n = 2 (i.e. A has only two letters), many simplifications are possible 
in the formulas of Theorem 4.1. The d = 1 cases of these formulas were derived by 
counting arguments in [2]. 
Remarks. (1) From Theorem 4.1 it is easy to deduce the explicit rational expressions 
for the series 
For instance, if we abbreviate the right-hand side of the first formula of Theorem 4.1 
by Q(t). VW))k, then 
c id(P, G[Pq’“‘= 1 _:f;(,, . 
%P 
(2) It follows from the general theory of Cohen-Macaulay posets [6], and the fact 
that intervals in subword order are Cohen-Macaulay [Z], that for fixed /3<~ 
d;. id+‘uA4sd= 44 (1 _s)l~l-l~l+l’ 
where h(s) is a polynomial of degree < 1 a I- I ,!?I - 1 with nonnegative integer coeffic- 
ients. The coefficients of h(s) have a combinatorial interpretation in terms of the 
“rank-selected” Mobius function, in particular the degree I c( I- I /?I - 1 coefficient 
equals l~L(Ad=(j$. 
(3) In view of the previous information it seems natural to consider the trivariate 
generating function 
Does it have a closed rational expression? One could also consider summing over 
negative d, i.e. powers of the Mobius function. 
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